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Compartmental models of epidemic dynamics have long described the propagation of a single,
immutable transmissible state through a population via pairwise contact, and multi-strain general-
izations have extended this framework to incorporate mutation, competition, and cross-immunity.
Here we study a minimal generalization with no sink states or feedback, in which transmission acts
through an arbitrary column-stochastic kernel @ on a finite set of strains, encoding mutation during
transmission with no further structural assumptions. We derive the mean-field approximation for
the well-mixed regime and show that it admits an exact closed-form solution for any @, expressible
as a single matrix exponential applied to the initial condition. A spectral decomposition of this so-
lution reveals that the location of the long-time attractor and the rate of approach are governed by
the eigenstructure of Q. We extend the analysis to structured populations via a pairwise mean-field
approximation on regular contact networks, and validate both approximations against stochastic
simulations. The framework provides an entry into the analysis of dynamical systems in which
mutation and transmission occur on the same time scale, drawing parallels to the propagation of

discrete signals through populations under noisy communication.

I. INTRODUCTION

The classical compartmental models of epidemic dy-
namics, beginning with the Susceptible-Infected (SI)
model and its extensions [I, 2], describe the propaga-
tion of a single transmissible state through a popula-
tion via pairwise contact. Multi-strain generalizations
have extended this framework in several directions. For
example, models have been constructed for competing
pathogens with cross-immunity [3, 4], interactions be-
tween strains [5], mutation during transmission via speci-
fied parametric structures [6], and mutation along an ex-
plicit genotype network with strain-dependent immune
interactions [7]. Each of these models includes either
some additional structure that constrains the kinds of
strain-to-strain transitions the model permits, or includes
some feedback or sink state to extend the dynamics be-
yond a simple spreading. While this additional dynam-
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ical machinery is essential for quantitative comparison
with real disease spread, it can obscure more basic ques-
tions about how the long-time composition of a popula-
tion depends on the rate and structure of mutation dur-
ing transmission, and limits extensions of these frame-
works to spreading processes beyond epidemiology (e.g.,
the spread of information, beliefs, or innovations through
a population, where what is being transmitted is itself
subject to distortion).

In this work, we strip all of this back to study a min-
imal generalization of the Susceptible-Infected model in
which transmission occurs through an arbitrary column-
stochastic kernel, @), acting on a finite set of strains, A.
Each transmission event from an individual infected with
strain j to a susceptible individual produces a new infec-
tion in strain £ with probability Q;. As such, the diag-
onal elements of ) encode faithful transmission, and the
off-diagonal elements encode mutation. No structure is
imposed on @ beyond column-stochasticity, so the model
accommodates arbitrary mutation patterns within a sin-
gle framework. This combination of generality and an-
alytical tractability distinguishes the present work from
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prior multi-strain treatments, which have either fixed re-
strictive parametric forms for the mutation channel in
order to retain closed-form analysis, or admitted more
general mutation structures at the cost of analytical ac-
cess to the long-time behavior. We refer to this as the
“Noisy” SI model, due to the role played by the transition
kernel @), which is formally identical to a noisy channel
in information theory [8HI0]. This correspondence moti-
vates a second reading of the model as approximating the
propagation of a discrete signal through a population in
which each transmission introduces fixed-rate distortion.
Seen this way, the Noisy SI model can be considered as
generalizing existing treatments of rumor and informa-
tion dynamics [TTHI4] which have largely treated trans-
mission either as faithful or as a single-state stochastic
event. We develop this communicative interpretation in
Sec.[V]]such that the analytical results of the paper serve
both as a contribution to the multi-strain epidemic lit-
erature and as a foundation for the communicative case
study. The principal results of the paper concern the
analytical tractability of this model. We derive a mean-
field approximation for the well-mixed regime that ad-
mits an exact closed-form solution that is expressible as
a single matrix exponential applied to the initial condi-
tion. Spectral decomposition of this solution reveals that
the long-time attractor is governed by the eigenstructure
of @, with the leading eigenvector determining the lo-
cation of the attractor in the space of strain densities,
and the spectral gap controlling the rate at which tra-
jectories converge to this distribution. We also develop
a pairwise approximation for structured populations and
find that network sparsity reshapes the long-time attrac-
tor in a manner qualitatively similar to increased chan-
nel noise. Both approximations are validated against
stochastic simulations. In the communicative register,
these spectral results translate directly to a statement
about information loss: network sparsity, initial seed size,
and the spectral structure of the channel together deter-
mine how rapidly source information is forgotten as the
cascade propagates.

The remainder of the paper is organized as fol-
lows. Section [ introduces the stochastic model and
its reaction-kinetic specification. Section [[TI] develops
the well-mixed mean-field approximation and its exact
solution. Section [V] extends the analysis to networked
populations via pairwise closure. Section [[V] character-
izes the attractor through the spectral structure of Q.
Section [VI] develops the communicative reinterpretation
and traces how the spectral structure governs information
transmission through the population. We conclude with
a discussion of regimes of applicability and connections
to information-theoretic and cultural-evolution models in

Section [VII

II. STOCHASTIC MODEL

The Susceptible-Infected (SI) model is a special case
in which the recovery rate of the Susceptible-Infected-
Recovered (SIR) model of disease spread [I] is zero. As
such, it partitions populations into two states: suscepti-
ble and infected. Its dynamics are defined by the single
reaction

s+12 2, (1)

which describes an individual in the susceptible state
coming into contact with an individual in the infected
state and becoming infected with probability 3.

To allow for noise or mutation in the spreading con-
tagion, we now extend this so that instead of a sin-
gular infected state, there is a set of infected states,
A = {l1,la,..., 4 }. We assume that each transmission
from an infected node to a susceptible node occurs over
a noisy channel [§], @, such that

Sl P9y, (2)

where Q; is the probability that a susceptible individ-
ual successfully infected by an individual in state |; will
transition into state l. In a two-strain setting, the full
set of reactions is thus
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III. WELL-MIXED MEAN FIELD
A. Deriving the Well-Mixed Noisy SI Mean Field

Following the procedure outlined in [I5], we can define
a linear transition function
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fsr, = Bk Y Qu;[SI;],
J

which reflects the contribution from each strain to I,
the number of individuals in state | at that time. Here,
we use k to refer to the average number of interactions
per unit time, and [SI;] to denote the expected number
of edges between susceptible individuals and individuals
infected with strain j, which, for a well-mixed population,
is simply the product of I; and the number of susceptible
individuals, S. Because we do not allow transitions |; —
l;;, there are no outgoing reactions, and this is the only
transition function to be considered. Thus, the expected
number of individuals in state I, can be expressed as
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FIG. 1. Illustration of the Noisy SI model. Each transmission event (edges going forward in time) is mediated by a noisy
channel @, such that the strain transmitted from an infected individual need not match the strain received by a newly infected
individual, as indicated by the colors of the nodes. The probability that a susceptible individual infected by an individual in
strain j transitions into strain k is Qj, the corresponding entry of the column-stochastic kernel ). The diagonal of ) encodes
faithful transmission and the off-diagonal entries encode mutation.
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We can express this as a
introducing a state (column) vector x(t) =
([11]/N, [I2]/N, ..., 1| 4]/N), given a population of
size, N. For closed populations,

single variable by

S=N-I — I — ... — I 4 (3)

we can then write the mean-field approximation for noisy
susceptible-infected dynamics in a homogeneous popula-
tion as

|A|
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The form of is that of a logistic growth simi-
lar to the mean-field approximation for the standard
Susceptible-Infected model, with the constants on the left
setting a rate, the middle term being the fraction of the
population that is still susceptible, and the last term be-
ing the fraction of the population in an infected state.

Unlike the ST model, however, the well-mixed mean-field
approximation of the Noisy SI model introduces @ as
“mixing” the infected states.

B. Exact Solution to the Mean-Field
Approximation

This mean-field approximation is solvable for any ) by
introducing a time-dependent variable
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which translates to the fraction of the population still in
the susceptible state. The system can then be written in
the vectorial form as

a(t) = By (t)Q(t). (5)

We first derive a differential equation for y by, in general,
assuming that the sum of each column in @ is the same.
This is, assuming

Q=Y Qu
o



does not depend on j. As such, there is a number ¢, such
that ¢ = @; for all j. For any column-stochastic matrix,
¢ = 1 by definition, but for generality, we will allow it to
vary. Now summing the differential equations of x; for
all k yields

A4
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= Bkey(1 —y).
This differential equation can be easily solved by sepa-

rating the variables and decomposing the left side using
partial fractions

v Y _ Bke,
y—1 y
which can be integrated as
yoe—ﬁkct

u(t) 1 — yo + yoe—Bket’
where yo = y(0) € (0,1) is the initial condition.

Now we can consider our system as a linear sys-
tem for the unknown vector x(t) with time-dependent
coeflicients. However, one can exploit the fact that the
time-dependence is in an extremely special form, since
each entry of the matrix () is multiplied by the same
scalar y(t). Hence the linear system can be solved in the
same way as in the time-independent, i.e. autonomous
case using the matrix exponential. Thus let us look for
the solution of in the form

(t) = exp(2(t)Q)x(0).
Substituting this form into yields
(1) = 2(1)Q exp(2(1)Q)x(0) = 2()Qx(t).

Therefore we have 2(t) = Bky(t) with the initial condi-
tion z(0) = 0. Hence introducing

t
v = [ vls
0
the solution of can be written as

z(t) = exp(BEY (£)Q)z(0).
Integrating the function y yields

1 —
Y(t)=———1In (1— + e_BkCt).
(t) Bke Yo T Yo
Finally, we can express the limit x(oco) = lim;_, . @(t)
explicitly in terms of the initial condition x(0) as follows

z(00) = exp(BkY (00)Q)z(0), (6)
where
Y (0c) = 7 In(1 — ). ”)
Bkc

with 1 — Yo = ZCBZ(O)
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FIG. 2. Validation of the well-mixed mean-field ap-
proximation for the Noisy SI model with binary sym-
metric channel at ¢ = 0.01. Dotted curves: stochastic simu-
lation averages over 1000 realizations (N = 10*, 8 = 0.05,k =
4,2(0) = (10/N, 0)), shaded regions indicate 95% confidence
intervals. Solid black curves: numerical integration of ,
Agreement is excellent across the full trajectory.

C. Agreement with Simulation

Figure demonstrates the agreement between the
mean-field approximation of Eq. and stochastic sim-
ulations of the underlying reaction system in a well-
mixed population.

Defining the transmission kernel as the binary sym-
metric channel,

1—¢ €
QBS_< € 1—6)’

with € = 0.01, the mean-field trajectories of both strains
lie within the 20 confidence band of the simulation av-
erages across the full dynamical range. The endpoint of
each strain matches the prediction of Eq. @ to within
sampling noise, providing a direct check that the exact
solution derived above describes the long-time behavior
of the stochastic process.

IV. SPECTRAL DECOMPOSITION OF THE
ATTRACTOR

The exact solution of the well-mixed dynamics reduces
the long-time behavior to a single matrix exponential
governed by . In this section we exploit this struc-
ture to characterize the attractor x(co) and the manner
in which it is approached, and show that both are deter-
mined by the spectrum of Q.
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FIG. 3. Mean-field and simulation agree on how iy and @ shape dynamics. a) Trajectories in the (i1,2)-plane for
a fixed, column-stochastic @gs with € = 0.1. Trajectories are seeded at (ig,0) (i.e. all initial mass in strain 1) for ig varying
logarithmically over a chosen range, and terminate on the diagonal i1 + i2 = 1 as required by the SI constraint. 2 Solid curves
show stochastic simulation averages over 1000 realizations; dashed curves show integrations of the mean-field system. The
dominant right eigenvector 7 is marked on the diagonal. Terminal points slide monotonically from the initial-strain vertex
toward 7 as ip decreases, in quantitative agreement with Eq. .

A. Eigenvalue Expansion of the Attractor

To understand how the @ governs the long-time dy-
namics of the system, we begin by considering all @
that are irreducible, aperiodic, and diagonalizable. We
henceforth only consider such @, except where explic-
itly stated. Column-stochasticity entails Ay = 1 is an
eigenvalue of @ with left eigenvector v = 1 and right
eigenvector u; = w. Thus, if interpreted as the transi-
tion matrix of a Markov chain, 7r is the stationary dis-
tribution of ). To illuminate the relationship between
the Noisy SI model and linear transmissions character-
ized by a random walk on @, we hereafter refer to w as
the stationary distribution. We also normalize so that
177 = 1. All remaining eigenvalues satisfy |\,,| < 1,
thus the spectral gap, 1 — |Ao], is strictly positive.

Using the biorthogonal decomposition

Q=> Amunv,),
m
with 'UjTum = 0jm, we find

exp(BkcY (00) Q) = Z PFeY (00)Am UV,
m

Writing «(0) = ig&o, where &( is the probability vec-
tor specifying the composition of the initial seed across
infected strains and i = I/N at time t = 0, the
m = 1 term collapses exactly to , as v] (0) = iy and
ePkeY (%) — 1/j. The remaining terms form a spectral
expansion in the sub-leading right eigenvectors of @,

z(oo) =m+ Y ig M (v,),&0) U (8)

m>2

Equation is the principal structural result of this sec-
tion. The attractor decomposes into a universal compo-
nent w—the stationary state of a random walk with tran-
sition matrix @, independent of the initial composition—
and perturbative corrections along each sub-leading
eigendirection, suppressed by the factor i(l)_A’”.

B. Geometric Interpretation

For each value of i¢, Eq. defines a simplex of possi-
ble attractor states inside the larger (].4] — 1)-simplex of
strain compositions. These simplices are nested such as
that, as 79 decreases, the corresponding simplex contracts
toward bmm. For defective ), the image may collapse to
a lower-dimensional face of the simplex, but we restrict
attention to diagonalizable ). In these settings, two lim-
its are immediate. As iyg — 0, every correction vanishes
and the image of the initial simplex contracts to the sin-
gle point 7, meaning that rare seeding erases all memory
of the initial composition. On the other hand, somewhat
trivially, as ig — 1, then Y (c0) — 0 and the matrix ex-
ponential approaches the identity, so &(c0) = x(0) and
no spreading occurs. Thus, the size of the seed tunes the
extent to which the spreading dynamics can act. Dense
seeding leaves the population frozen near its initial com-
position while sparse seeding allows for more transmis-
sion events and thus more mixing, driving the system to
a steady-state which forgets the initial condition and is
determined only by Q. This can be seen in Figure [3h,
which shows how trajectories fixed as i— = (i1,0) vary
with i; for a fixed Q.

For intermediate ip, the map &y — x(oco) is affine,



and the image of the initial simplex is a contracted
copy nested around 7. The contraction is generically
anisotropic so that along the eigendirection w,,, the im-
age is compressed by the factor i(l)_Am. Modes with A,
close to 1 retain visible memory of the initial condition,
while modes with small \,, decouple rapidly. The at-
tractor family thus traces a nested sequence of simplices
whose shape is fixed by the spectrum of () and whose
overall scale is set by ig. Altogether, it is therefore iq
and the spectrum of @ which control the long-time be-
havior of the system. In the following sections, we treat
these two dependencies in turn.

a. Dependence on iy As shown in Figure [3] for a
fixed initial distribution &, the displacement of the at-
tractor from 7 shrinks as iy decreases, at a rate set by the
spectral gap of (). Concretely, the correction in Eq.
is driven by iéf&, as higher-mode contributions decay
strictly faster in the limit 79 — 0. This renders the
asymptotic scaling

lw(o0) — ]| ~ dg e

(io — 0), (9)
wherever €y # m. As shown in Figure 3p, this means
that the displacement of the steady state of the dynam-
ics from the stationary distribution of @ mapped against
ip has slope 1 — Re \g, allowing the spectral gap of the
transmission kernel to be inferred from endpoint statis-
tics of simulated or observed spreading dynamics without
directly diagonalizing Q.

b. Dependence on the structure of QQ Equation
implies that the entire attractor family is fixed by the
spectrum of ). Parameterizing @) as

o 1—61 €9
Q( €1 162)

by its noise rates, €1, €5, we can observe how the attractor
geometry is systematically deformed. Solving Qm = mr,

we get the form
1
= ( 2 ) (10)
€1 + €2 €1

showing explicitly that the ratio of strain abundances at
7 is set by the inverse ratio of mutation rates. We can use
this expression to consider two limits. First, the noiseless
channel Q = I is degenerate—every eigenvalue is 1, the
contraction factor is (ig)® = 1, and the attractor simplex
coincides with the initial simplex. This, therefore, recov-
ers the classical multi-strain SI model in which no mixing
between strains occurs. Meanwhile, the maximally noisy
channel in which €; = €2 = ... = € 4) = 1/[ Al has \,,, =0
for m > 2. Thus, the contraction factor reduces to ig,
and the attractor collapses almost immediately onto 7.
As shown in Figure [4] the stationary state for all sym-
metric @ is the uniform distribution in |A4| dimensions
and as € increases, we see the steady-state of the dynam-
ics approach this value. Meanwhile, when ¢; # ¢ for any
j, k € A, the stationary distribution shifts as and the

dynamics are pulled towards this distribution proportion-
ally with A2. In summary, then, we might think of the
two structural roles of the channel matrix, Q, as being
cleanly separated. Its eigenvector, 7, sets where the dy-
namics go, while its spectral gap sets how forcefully they
are pulled there.

V. PAIRWISE MEAN FIELD

Relaxing the assumption of a fully connected popula-
tion to instead consider structured populations, the dy-
namics of the model can be approximated using a pair-
wise approximation [I5]. This approach considers the
expected number of individuals infected as a function of
the expected number of edge-linked pairs of type Sy (one
susceptible and one k-infected individual which share an
edge) at a given moment in time. These models are closed
by assuming an approximation for the number of triples
of type 1;Sl; and SSI; based on the population topology.

In this approximation, the expected change in the
number of nodes in state |; at any given time is given
as

D1)= Y Baulsn (1)

ke A

where [SIj] is the expected number of edges with a sus-
ceptible node at one end and a node in state I at the
other.

Ascertaining the dynamics of edge states becomes more
complex. To begin, we first recognize that the expected
influx of Sl; edges at each time step comes from changes
in triples (i.e. triangles and cherries). An Sl; edge is thus
formed when a successful j — j infection event occurs in
an SSl; triple, or a k — j mutation occurs in an SSlj
triple.

We decompose these parts as fi», fout:2, fouts3 g0 that

d : .
%[SI]} — fln 4 fout,2 4 fout,d (12)

We can thus capture the expected influx of Sl; edges as

A
=" BQ,k[SSI, (13)
k

the outflux from infections occurring in Sl; edges as

A
FoU = =" BQw; (S, (14)
k

and the outflux from infections occurring in I ST; edges
as

A A
[ ( 5Q1k> [1,.ST;). (15)
l

k
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FIG. 4. Channel asymmetry separately controls the location and the contraction rate of the attractor in the
well-mixed two-strain model. Solid curves show the stochastic simulation averages over 1000 realizations. Dashed curves
show the numerical integration of Eq. (| . All trajectories are seeded with 49 = 1072 all on |, and all other parameters are
as described in Figure I a) Trajectories for symmetric Q. Whenever @) is symmetric, the stationary distribution 7 (shown
as a white square) is the uniform distribution in |A| dimensions. b) Trajectories for asymmetric @ with their corresponding

stationary distributions (shown as colored stars).

In fi* for strain j we are counting all the SSlj, triples
in which the infected node infects an S to produce an |;.
In fout2 for strain j we are counting all the Sl; edges
lost due to infection of the S node by the |; node to any
strain (including j). In foU3 we count all the Sl; edges
that are part of 1;Sl; triples (Vk € A including j) which
are converted to lgll; (V¢ € A) via infection from a node
“outside” of the Sl; edge of interest.

Finally, we must track the number of edges in which
nodes at both ends are still susceptible. Because the
model has only infections and no recovery, these edges
can only be destroyed. Specifically, they are destroyed
with any infection event. As such, we have the expected
number of SS edges changes as

d A A
1551= —2; leﬁQlk[SSIk} (16)

which depicts the loss of an SS edge occurring when the

J

d (k=1

—[SL] = e (SS kez;ﬁcgjk [STi] —
d 2[SS](1 —

—[88] =
dt ke Ale A

W Z > BQu[STH],

infected node in an SSl triple infects either of the two
susceptible nodes (giving us the factor of two in front).

As fin, , and SS all involve third moments,
we employ the following moment closure approximation
from [I5] for arbitrary compartments A, B:

fout,3

[AS][SB]

[ASB] =~ & S|

a7

where, from [I6], x k— for k-regular graphs while
k =1 for Poisson—distrlbuted graphs. This approxima-
tion makes the simplifying assumption that susceptible
and infected nodes are randomly distributed across the
network.

Putting together —, we obtain

> 0O BQuIST)] ka> > BQw (ST (18)

k€A LeA

ke A

which, alongside (3) and (L1)), constitute the pairwise approximation of a k-regular graph.

a. Pairwise dynamics on a regular graph Figure [

shows the agreement between stochastic simulations of

(

the Noisy SI process on a k-regular graph and numeri-
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FIG. 5. Validation of the pairwise mean-field approxi-
mation on a k-regular graph. Dotted curves show stochas-
tic simulation averages with 5th-95th percentile confidence
intervals over 1000 realizations on a random k-regular graph
(N = 10* k = 4, 8 = 0.05, ¢ = 0.05, ip = 10/N all in
strain 1). Black curves show numerical integration of the
pairwise system of Sec. m Dotted grey lines show the well-
mixed mean-field approximation for the same initial condi-
tions. Agreement between the pairwise approximation and
simulations is excellent through the rapid spreading phase,
with some simulation lag during the plateau phase.

cal integration of this system for a dynamics with two
strains. The pairwise prediction lies within the confi-
dence band of the simulation across the full trajectory.
Two qualitative differences from the well-mixed dynam-
ics are visible in the figure. First, as expected, the onset
of spreading is delayed in every pairwise approximation
compared to the well-mixed approximation because as-
sumptions about Sl edges in the latter create an artifi-
cially faster early growth rate [I7]. More relevant to the
multi-strain dynamics, however, we also find that the sat-
uration plateau is shifted, as both strains approach long-
time values closer to the spectral stationary distribution
7 than in the well-mixed case, despite identical Q.

This is further examined in Figure [6 which shows the
systematic relationship between graph degree and the lo-
cation of the attractor predicted by the pairwise approxi-
mation. For all k tested, the pairwise attractor sits closer
to the spectral stationary distribution 7r than the well-
mixed attractor, with the effect most pronounced at in-
termediate spectral gaps and small k. Heuristically, the
pairwise closure encodes the slower per-node spreading
rate, extending the effective time available for the chan-
nel @ to mix strain identities per unit of forward prop-
agation. The result is that network sparsity acts on the
long-time behavior in a manner qualitatively similar to
an increase in the channel noise rate—in both cases, the
additional mixing pulls the attractor closer to 7.
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FIG. 6. Network sparsity drives the pairwise attractor
toward the spectral stationary distribution. Distance
from 7, the attractor defined by the spectrum of @, for the
well-mixed approximation (black) and the pairwise approxi-
mation on k-regular graphs at several values of k (colored), as
a function of the spectral gap 1 — A2 of the binary symmetric
channel, Qps. All values were obtained by integrating the cor-
responding mean-field systems to saturation, with io = 1073
all beginning in the first strain.

V. COMMUNICATION THROUGH A
POPULATION

A natural reinterpretation of this model casts it as a
model of communication across a population. In this
register, the strains of A are not biological variants but
discrete signals or messages, and the channel @) encodes
the per-transmission fidelity of message reproduction. As
an example, one might imagine the telephone game—a
game in which the first speaker produces an utterance
that is increasingly distorted as it propagates through a
chain of subsequent speakers. The propagation of strains
through the population then corresponds to the spread
of these progressively distorted utterances, each a mu-
tated descendant of the initial signal. More generally,
the model is then interpreted as describing the spread
of a noisy signal from an initially informed subset to the
entire population, with each peer-to-peer transmission in-
troducing fixed-rate distortion.

a. Setup Let W denote a source that can take one
of Q discrete states with distribution p(w). At time ¢t = 0,
a small fraction i of the population observes the source
and encodes its state through a map ¢ : Q@ — A. The
remaining population is uninformed and learns about W
only through peer-to-peer transmission governed by the
Noisy SI dynamics of Sec.[[I] The composition, &g, of the
initial informed subset is then determined by the joint
distribution of the source, p(w), and the encoding, ¢.

This setup formalizes a class of scenarios in which in-



formation about a localized or hard-to-access source must
propagate through a population by serialized, noisy com-
munication. Examples include rumor cascades originat-
ing from a small number of eyewitnesses, news propagat-
ing from journalists through informal networks of read-
ers, or scientific findings moving from primary literature
into popular understanding. In each case one is not inter-
ested in the quantity of any particular strain, but how the
distribution of strains at initial encoding and throughout
the cascade preserves source information.

A. Applications in Information Spreading

a. Mutual Information A natural observable emerg-
ing from this framing is the mutual information

T (t)
2wreqP(W)k(?)

MWia] = 3 3 p(w)@n(t) log

weN ke A

between the source and the distribution of messages at
time t, which quantifies how much about W can be in-
ferred from sampling the population at time, .

As a functional of the trajectory x(t), the long-term
behavior of this quantity is also predominantly deter-
mined by the stationary distribution 7 of the channel
Q. This implies that the long-time mutual information
I[W;z(c0)] is bounded above by a function of iy and the
spectrum of ), and approaches zero as iy — 0 regard-
less of how informative the encoding f is at the source.
Information about W is degraded by the same spectral
mechanism that contracts the simplex of strain composi-
tions toward 7.

b. Implications for Information Spreading This per-
spective makes several qualitative predictions that dis-
tinguish the present framework from simpler models of
information spread. First, the asymptotic information
content of the cascade depends on the source distribution
and the encoding only through their projection onto the
sub-leading eigenspace of (). Encodings that exploit the
slowly-mixing directions of @ (i.e., those for which ¢(w)
varies along eigenvectors with A, close to 1) retain more
information than encodings aligned with rapidly mixing
directions, even at fixed ig.

Second, comparisons between the well-mixed and pair-
wise approximations in Sec. [V] acquires a communicative
interpretation. In this light, we can read the results as
saying that sparse contact networks dilute information
about W more aggressively than dense ones, because the
slower per-node spreading rate gives the channel more
opportunity to mix message identities before saturation.
Thus, the location of the long-time attractor is shifted to-
ward 7, which carries no information about the source.

As a full information-theoretic treatment lies beyond
the scope of this work, the aim of this section is to indi-
cate that the analytical structure developed in Secs. [[IT}
[V] carries directly into the communicative setting. Mo-
rover, it is to show that the spectral characterization of

the attractor governs the long-time fidelity of population-
level communication in the same way that it governs the
strain composition of an epidemic.

VII. DISCUSSION

The Noisy SI model studied in this work occupies a de-
liberately minimal position in the multi-strain compart-
mental literature. By dropping cross-immunity, compe-
tition, recovery, and structural constraints on the mu-
tation kernel, what remains is a model whose mean-field
dynamics admit an exact closed-form solution and whose
long-time behavior is characterized entirely by the spec-
trum of a single matrix. The principal contributions of
this work—the exact solution in the well-mixed regime,
the spectral form of the attractor, and the pairwise ex-
tension to structured populations—are analytical results
that hold for arbitrary column-stochastic Q and that we
have validated against stochastic simulations.

The simplicity of the model is both a strength and
a limitation. Real epidemic processes typically involve
recovery, immunity, and rich strain interactions that
the present framework abstracts away. These abstrac-
tions may nevertheless be reasonable in regimes where
spreading is fast relative to recovery or immune response
and where strain interactions are weak, as well as in
non-epidemiological applications such as the communica-
tive setting developed in Sec. [VI} A separate caveat ap-
plies to the mean-field approximations themselves, which
hold cleanly only on fully connected populations and on
k-regular graphs. Extensions to heterogeneous-degree,
modular, or temporally varying contact structures would
require correspondingly extended closure schemes. We
expect the spectral characterization of Sec. [[V]to remain
qualitatively intact in these extensions, since the location
of the attractor is determined by @ alone, but the rate of
convergence and the magnitude of the sparsity-induced
shift identified in Sec. [V] will likely acquire topology-
dependent corrections.

Finally, our communicative reinterpretation presented
in Sec. [VI] makes available comparisons with a litany
of models and empirical findings concerning the social
transmission of heterogeneous content. For instance, iter-
ated learning experiments have shown that transmission
chains converge to systematic distortions of input sig-
nals reflecting biases of the transmitting agents [18] and
studies of online information spreading have documented
that different categories of content exhibit markedly dif-
ferent propagation dynamics on the same underlying net-
work [[9H2I]. Perhaps the most salient analogy comes
from the Paris School tradition in cultural evolution,
which has framed the convergence of representations
across a population in terms of “cultural attractors” [22].
So, while our model is considerably simpler than any that
may be found in these literatures, it shares the basic ob-
servation that the long-time composition of messages in
a population is shaped in part by the noise and mutation



inherent to transmission, rather than the original signal
alone. The closed-form solution and spectral character-
ization developed here may thus be useful for studying
this kind of convergence in a setting where the underlying
dynamics are fully analytically accessible.
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